Superconformal 6D (2,0) theories in superspace by Grojean, C. & Mourad, J.
ar
X
iv
:h
ep
-th
/9
80
70
55
v2
  7
 S
ep
 1
99
8
hep-th/9807055
LPTM 98/66
Saclay T98/068
Superconformal 6D (2,0) theories in superspace
C. Grojeana and J. Mouradb,c
a Service de Physique The´orique, CEA-Saclay
F-91191 Gif/Yvette Cedex, France
b Laboratoire de Physique The´orique et Mode´lisation,
Universite´ de Cergy-Pontoise
Site Saint-Martin, F-95032 Cergy-Pontoise, France
c Laboratoire de Physique The´orique et Hautes Energies 1,
Universite´ de Paris-Sud, Baˆt. 211, F-91405 Orsay Cedex, France
Abstract
A geometrical construction of superconformal transformations in six dimensional
(2,0) superspace is proposed. Superconformal Killing vectors are determined. It
is shown that the transformation of the tensor multiplet involves a zero curvature
non-trivial cochain.
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1 Introduction
Many reasons motivate the study of supersymmetric six dimensional chiral theo-
ries with sixteen supercharges [1]. The more recent one is that the worldvolume
of the five-brane [2, 3, 4, 5, 6] of M-theory [7] is described by such a theory.
Not much is known about M-theory besides that it contains membranes and
five-branes and that by compactification it reduces to superstring theory. A re-
cent conjecture by Maldacena [8] states that M-theory on AdS7 × S
4 with radii
Rsph = RAdS/2 = lp(πN)
1/3 (lp is the eleventh dimensional Planck length) is dual
to the superconformal worldvolume theory describing N coincident five-branes.
Some consequences of this conjecture were examined in [9]. The study of six
dimensional (2,0) theories may thus provide important clues concerning the still
mysterious M-theory. Another conjecture on M-theory is that of Matrix theory
[10]; here too, (2,0) six dimensional theories appear from Matrix theory compact-
ified on T 4 [11].
The aim of this paper is the geometrical study of six dimensional (2,0) theo-
ries in superspace. The (2,0) multiplet contains five scalars, one Weyl-symplectic
Majorana spinor and an anti-self dual three form [12]. In section 2, we recall
the superfield description of this multiplet [13] with one superfield in the vector
representation of the R-symmetry group SO(5). This superfield is subject to
a constraint which, as shown in section 2, reproduces the correct multiplet and
the equations of motions. In section 3, we show that there exists an alternative
formulation with the aid of a closed super three-form which is subject to some
constraints. These constraints are somewhat similar to those of the 10D super
Yang-Mills constraints [14] and to the six dimensional (1,0) constraints for the
tensorial multiplet [15]. For (1,0) six dimensional theories it is possible to find
nontrivial sigma models living on a quaternionic target space [16]. In section 4,
we show that a generalization to sigma models of the free theory leads only to
trivial conformally flat target spaces. This illustrates the rigidity of (2,0) theo-
ries. In section 5, we define superconformal transformations as supercoordinate
transformations leaving the super-flat metric invariant up to a scale. A similar
construction for N=1 4D theories is considered in [17] and references therein. We
calculate the resulting super-Killing vectors and show that their Lie algebra is
that ofOSp(6, 2|2). An algebraic construction of the superconformal (2,0) algebra
was given in ref [18], it relies on the triality property of the six-dimensional con-
formal group SO(6, 2) and results in the orthosymplectic group OSp(6, 2|2). Our
geometrical construction provides a realisation of the generators of OSp(6, 2|2) in
superspace and facilitates the study of superconformal invariance in a manifestly
supersymmetric context. In section 6, we determine the transformation of the
scalar superfield under superconformal transformations. We find that this trans-
formation involves a zero curvature 1-cochain on the superconformal Lie algebra.
We determine explicitly this cochain and show that it is non-trivial. We illustrate
the usefulness of the formalism of section 3 by showing that the transformation
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of the super-three form is purely geometrical and simpler than that of the scalar
superfield. We collect our conclusions in section 7. Our notations and some
technical results wich are used in the text can be found in the Appendix.
2 Free supermultiplet
The on-shell (2,0) supermultiplet comprises five scalars φi transforming as a vec-
tor of SO(5), one symplectic Majorana-Weyl fermion and a two-form with self
dual field strength. The goal of this section is to provide a manifestly super-
symmetric description of this muliplet [13]. One may try to consider a scalar
superfield transforming in the 5 of SO(5) whose θ = 0 component is the scalar
field. Such a superfield would have the general form2
Φi(x, θ) = φi(x) + θ¯ψi + . . . , (2.1)
where . . . stand for terms with two and more θ. We see that at the one θ level
we have five independent fermions. Since the on-shell supermultiplet has only
one fermion we have to constrain the superfield in such a way that only one out
of the five ψi be independent. An SO(5) covariant way of doing this is to impose
that
ψi = Γiψ with ψ =
1
5
Γiψ
i. (2.2)
Note that ψi may be written as the θ = 0 component ofDαˆΦ
i = (∂αˆ−(Γ
µθ)αˆ∂µ)Φ
i,
so that a manifestly supersymmetric and SO(5) covariant constraint on the su-
perfield is
DΦi =
1
5
ΓiΓjDΦ
j , (2.3)
or equivalently
DΦi =
1
4
Γi jDΦ
j . (2.4)
When indices are made explicit this constraint reads
DαaΦ
i =
1
4
(γij)
b
a DαbΦ
j . (2.5)
Our notations can be found in the appendix. The rest of this section is devoted
to the analysis of the constraint (2.5). We will show that it reproduces the (2,0)
supermultiplet and the equations of motion.
2In ref [13] the scalar superfield is in the antisymmetric representation of Sp(2), Φ[ab]. It is
related to ours by Φi = (γi)abΦ
[ab].
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Let Ψαa = (γi)
b
a DαbΦ
i/5 then the supersymmetric transformation of φi is
given by the θ = 0 component of DΦi = ΓiΨ. In order to get the quadratic terms
in θ we take the Dβb of the constraint (2.5). The following decomposition of the
product of two derivative is useful
DαaDβb = −(γ
µ)[αβ]Ω[ab]∂µ + Ω[ab]D(αβ) + (γ
i)[ab]Di(αβ) + (γ
ij)(ab)D[ij][αβ], (2.6)
where (αβ) or [αβ] means that the quantity is symmetric or antisymmetric. The
quantities appearing in (2.6) are defined , for N = ∅, i and ij, by
DNαβ =
1
8
[Dαa, Dβb](γN)
ba (2.7)
Taking the supersymmetric derivative of (2.5) and using the identities
γijγl = 2 ηl[jγi] −
1
2
ǫijlmnγ
mn, (2.8)
γijγkl = ǫ
ij
klmγ
m + 4 η[i[kγ
j]
l] + 2 η
[i
[kη
j]
l], (2.9)
we get the following equations
D(αβ)Φ
i = 0, Dk(αβ)Φ
j =
1
5
ηk
jDi(αβ)Φ
i, (2.10)
Dkl[αβ]Φ
j =
1
2
(
ηk
j(γµ)αβ∂µΦl − ηl
j(γµ)αβ∂µΦk
)
. (2.11)
Taking the θ = 0 part of these equations shows that the only new field that
appears at this level is the θ = 0 component of
Hαβ ≡ Di(αβ)Φ
i. (2.12)
Regarded as a matrix, this superfield H can be decomposed in the basis made
by the antisymmetrised products of the Dirac matrices. Taking into account
the symmetry and chirality properties (α and β are both of the opposed chiral-
ity compared to the θ’s), only products of three Dirac matrices appear in this
decomposition. So H is equivalent to an anti self-dual three-form given by
hµ1µ2µ3 = (γµ1µ2µ3)
αβHαβ . (2.13)
hµ1µ2µ3 is anti self-dual because
ǫµ1µ2µ3
µ4µ5µ6γµ4µ5µ6 = −6 γµ1µ2µ3 , (2.14)
when acting on chiral spinors. In order to get the transformation of the spinor
ψ, we take the supersymmetric derivative of the equation Ψ = γiDΦ
i/5 to get
DβbΨαa = −(γ
µ)[βα](γi)[ba]∂µΦ
i +
1
5
Ω[ba]Hβα. (2.15)
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In order to look for possible new fields at the level of the product of three θ’s
we have to calculate the supersymmetric derivative of Hαβ. The consistency of
(2.15) gives
2 (Γµ)γcβb∂µΨαa − (Γ
µi)βbαa(γi)c
d∂µΨγd − (Γ
µi)γcαa(γi)b
d∂µΨβd
−
1
5
ΩabDγcHβα −
1
5
ΩacDβbHγα = 0. (2.16)
Taking the symmetric part in ac and multiplying by (Ω−1)ba we get
DγaHαβ = 5(γ
µ)γβ∂µΨαa + 5(γ
µ)γα∂µΨβa (2.17)
which gives the supersymmetric transformation of the three-form and shows
that no new degrees of freedom appear at the three θ’s as well as at higher
levels. Multiplying (2.17) by Cαβ gives the equation of motion of the fermion
γµ∂µΨ = 0 which when used in (2.15) gives the bosonic equations ∂
µ∂µΦ
i = 0
and γνγ
α∂νHαβ = 0. The simplest way to obtain the latter is to notice that
Hαβ = −
5
4
DβbΨα
b (2.18)
and use the Dirac equation. The equation of motion of Hαβ reads for the three-
form h defined in (2.13) as dh = d∗h = 0 which gives the Bianchi identity and the
equations of motion of the three-form. This equation assures that the three-form
h is the field strength of a two-form which can be identified with the two-form of
the tensoriel supermultiplet. It remains to prove that equations (2.16) have no
other content than equations (2.17). This is easily proved when the relation
(γi)ab(γi)c
d = 2δa
dΩcb − 2δb
dΩca − δc
dΩab (2.19)
is used.
3 Super two-form
In this section we formulate the (2,0) free theory with a super two-form B =
1
2
BMNE
MEN with field strength H = dB. Here M = (µ, αˆ), Eµ = dxµ − θ¯Γµdθ
and Eαˆ = dθαˆ are the basis of 1 super-forms invariant under global supersymme-
tries. In a way similar to Yang-Mills theories [14], we impose the constraints
Hαˆβˆγˆ = 0, (3.1)
Hµαˆβˆ = (ΓµΓi)αˆβˆΦ˜
i, (3.2)
and solve the Bianchi identity dH = 0. Here Φ˜i is a scalar superfield which
belongs to the vectorial representation of SO(5). We shall prove that we can
identify Φ˜i with the scalar superfield Φi of the previous section.
4
Terms with four spinorial indices in the Bianchi identity give Hµ(αˆβˆ(Γ
µ)δˆλˆ) = 0
which is satisfied thanks to the relation
(Γµi)(αˆβˆ(Γ
µ)δˆλˆ) = 0, (3.3)
which is proved in the Appendix.
Terms with three spinorial indices in the Bianchi identity give
D(αˆHβˆγˆ)µ + 2Hνµ(αˆ(Γ
ν)βˆγˆ) = 0. (3.4)
Taking into account the Dirac matrices property
(Γµν)αˆ(βˆ(Γ
µ)δˆλˆ) + (Γ
i)αˆ(βˆ(Γνi)δˆλˆ) = 0, (3.5)
which is proved in the Appendix, the solution to (3.4) can be given with the aid
of a spinorial superfield Ψ˜αˆ as
2Hνµβˆ = (Γνµ)βˆ
δˆΨ˜δˆ, (3.6)
DγˆHαˆβˆµ = (ΓµΓi)αˆβˆ(Γ
i)γˆ
δˆΨ˜δˆ. (3.7)
Comparing (3.7) with (3.2) we see that Φ˜i and Ψ˜αˆ must be related by
(Γi)αˆ
βˆΨ˜βˆ = DαˆΦ˜
i, (3.8)
which is equivalent to the constraint (2.5) obeyed by the scalar superfield Φi
allowing us to identify the two.
The terms with two spinorial indices in the Bianchi identity lead to
∂[µHν]αˆβˆ +D(αˆHβˆ)µν −Hµνρ(Γ
ρ)αˆβˆ = 0, (3.9)
which is satisfied provided we make the identification
Hµνρ = hµνρ (3.10)
and use equation (2.15).
The term with one spinorial index is identically zero du to (2.17) and finally the
term with no spinorial indices in the Bianchi identity is zero du to the equation
of motion of hµνρ and the identification (3.10).
In brief, the constraints (3.1) and (3.2) for the closed super three form H are
equivalent to the constraints (2.5): from the superfield Φi we can construct a
closed super three form verifying (3.1) and (3.2), and, conversely, from the con-
straints (3.1) and (3.2) on a closed super three-form, we get a scalar superfield
verifying (2.5).
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4 Sigma model
In this section, we search for sigma-model generalizations of the constraint (2.5).
For (1,0) theories, this was done in [16]. The five dimensional target space is
assumed to be described by a moving basis eIi (Φ), where I = 1, . . . , 5 is a flat
index of SO(5) and i is a curved space index. We generalise the constraint (2.5)
to have the form
eI i(Φ)DαaΦ
i =
1
4
(γIJ)a
beJ j(Φ)DαbΦ
j . (4.1)
From (4.1), we can deduce, as in section 2, the transformations of the fields under
supersymmetry, their equations of motions and, in addition, the constraints on
the geometry of the target space.
The transformation rule for φi can be deduced from the θ = 0 component of the
equation
DαaΦ
i = eI
i(γI)a
bΨαb. (4.2)
In order to get the constraints on the moving basis eI i(Φ), we take the spinorial
derivative of (4.1) to obtain
eI i(Φ)DγcDαaΦ
i −
1
4
(γIJ)a
beJ j(Φ)DγcDαbΦ
j = f Iγαca, (4.3)
where we used the definition
f Iγαca =
(1
4
γIJ − η
I
J
)
a
b eJ j,kDγcΦ
kDαbΦ
j . (4.4)
It is convenient, for the analysis of (4.3), to use the following decomposition on
the SO(5) gamma matrices
f Iγαca = f
I
γαΩca + f
I
Jγα(γ
J)ca + f
I
JKγα(γ
JK)ca. (4.5)
Then equation (4.3), using the decomposition (2.6), gives the following relations
which replace eqs (2.10) and (2.11)
eI jD(γα)Φ
j = f I (γα), (4.6)
eIjDK(γα)Φ
j =
1
5
ηIKe
J
jDJ(γα)Φ
j +
16
15
fIK(γα) −
4
15
fKI(γα), (4.7)
eIjDMN [γα]Φ
j =
1
2
(
ηMIeNj(γ
µ)γα∂µΦ
j − ηNIeMj(γ
µ)γα∂µΦ
j
)
(4.8)
−
1
5
ǫJKIMNfJK[γα] +
2
5
(ηMIfN [γα] − ηNIfM [γα]) +
4
5
fIMN [γα],
6
as well as the following constraints on f Iγαca:
f IIγα = 0, f(IK)[γα] = 0, (4.9)
fI[γα] = 2f
J
JI[γα], ǫ
IJKMNfKMN [γα] = −2f
IJ
[γα], (4.10)
f IMN(γα) =
1
8
(
−ηINfM(γα) + η
I
MfN(γα)
)
−
1
6
ǫIJKMNf[JK](γα). (4.11)
The structure of f Iγαca given in (4.4) implies a number of constraints which are
identically satisfied. These are given by
f Iγα = 2f
J
J
I
γα, f
J
Jγα = 0, 6f[IMN ]γα = −ǫIMN
JKfJKγα. (4.12)
So only the second constraint in (4.9) and (4.11) are not identically satisfied. It
turns out that these two imply that the moving basis must be such
deI ∧ eJ + deJ ∧ eI −
2
5
ηIJηKLde
K ∧ eL = 0. (4.13)
It is possible to solve equations (4.13) to get eI = ΣdΥI for some functions Σ
and ΥI which means that the target space is conformally flat. By a change
of coordinates in the target space Φi → ΥI the theory is transformed to the
free theory of section 2. So no non-trivial sigma-models are allowed by (2,0)
supersymmetry.
5 Superconformal transformations
In this section we give a geometrical construction of the superconformal trans-
formations and determine explicitly the realisation of the generators in the (2,0)
superspace.
The flat supersymmetric metric in superspace is given by
g = ηµνE
µ ⊗ Eν . (5.1)
Notice that the other term appearing a priori in the (2, 2) superspace, CαˆβˆE
αˆ ⊗
Eβˆ, is forbidden by chirality in (2, 0) theories. A supercoordinate transformation
is generated by an even vector field ξ = ξµEµ + ξ
βˆEβˆ, where ξ
µ is even and ξβˆ is
odd. Under this transformation, the supercoordinates ZM transform as
δxµ = ξµ + θαˆ(Γµ)αˆβˆξ
βˆ,
δθαˆ = ξαˆ, (5.2)
and the metric varies as
δg = Lξg, (5.3)
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where Lξ is the Lie derivative with respect to the vector ξ. A superconformal
transformation is defined by the requirement that the transformed metric be
proportional to the initial one, that is
δg = α(Z)g, (5.4)
where α is a priori an arbitrary superfield. The vector field ξ is said to be a
superconformal Killing vector. The use of the relation [Lξ, Lξ′] = L[ξ,ξ′], where [, ]
is the Lie bracket, shows that if ξ and ξ′ are two superconformal Killing vector
fields with scales α and α′ then [ξ, ξ′] is also a superconformal Killing vector with
scale ξ(α′)− ξ′(α), so that the set of all ξ′s forms a Lie algebra.
In order to determine explicitly the superconformal Killing vectors we first cal-
culate the variation of the basis super one-forms:
δEµ = (dιξ + ιξd)E
µ = (∂νξ
µ)Eν + (Dαˆξ
µ + 2(Γµ)αˆβˆξ
βˆ)Eαˆ, (5.5)
so the condition (5.4) is verified provided
Dαˆξ
µ + 2(Γµ)αˆβˆξ
βˆ = 0, (5.6)
∂µξν + ∂νξµ = αηµν . (5.7)
We shall show that the equation (5.7) is a consequence of (5.6), so that the
solutions of the latter determine all superconformal Killing vectors. Note that,
by equation (5.6), ξβˆ is determined in terms of ξµ by
ξβˆ = −
1
12
(Γµ)βˆαˆDαˆξµ. (5.8)
This allows to write equation (5.6) in terms of ξµ as
Dαˆξ
µ =
1
6
(Γµν)αˆ
βˆDβˆξν , (5.9)
which is very similar to the constraint of the scalar superfield (2.5), the vectorial
structure in SO(5) being replaced by the same one in SO(1, 5). In order to
analyse equation (5.9) it is convenient to decompose the product of two spinorial
derivatives as
DαˆDβˆ = −(Γ
ν)(αˆβˆ)∂ν + (Γ
νij)[αˆβˆ]Dν[ij]
+(Γµ1µ2µ3)[αˆβˆ]Dµ1µ2µ3 + (Γ
µ1µ2µ3i)[αˆβˆ]Dµ1µ2µ3i, (5.10)
then taking the spinorial derivative of (5.9) yields
∂µξν + ∂νξµ =
1
3
∂ρξ
ρηµν , (5.11)
Dν[ij]ξµ =
1
6
Dρ[ij]ξ
ρηνµ, (5.12)
Dµ1µ2µ3ξµ4 = −
1
4
(
ηµ4[µ1∂µ2ξµ3] −
1
6
ǫµ1µ2µ3
ν1ν2ν3ηµ4[ν1∂ν2ξν3]
)
, (5.13)
Dµ1µ2µ3iξµ4 = 0. (5.14)
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The first equation is equivalent to (5.7) which shows that (5.7) is contained
in (5.6). Let ζµ(x), ζ
βˆ(x) and ζ ij(x) be the θ = 0 components of ξµ, ξ
βˆ and
Dρ[ij]ξ
ρ, then equations (5.11, 5.12, 5.13) and (5.14) show that the superfield ξµ
is determined in terms of the ζ ’s. These are solutions to the following decoupled
equations which are consequences of (5.11)
∂µζν + ∂νζµ =
1
3
∂ρζ
ρηµν , (5.15)
(Γµ)αˆβˆ∂νζ
βˆ + (Γν)αˆβˆ∂µζ
βˆ =
1
3
ηµν(Γρ)αˆβˆ∂
ρζ βˆ, (5.16)
∂µζ
ij = 0. (5.17)
The solutions to (5.15) are the well-known conformal Killing vectors
ζµ = aµ + a[µν]x
ν + λxµ + (x
2ηµν − 2xµxν)k
ν , (5.18)
where aµ, aµν , λ and kµ are parameters of infinitesimal translations, Lorentz
transformations, dilatations and special conformal transformations. Similarly, the
solutions to (5.16) are determined in terms of two constant spinors ǫ and η (respec-
tively simplectic-Majorana-Weyl and anti-simplectic-Majorana-Weyl spinors) as
ζ βˆ = ǫβˆ + xµ(Γ
µ)βˆ αˆη
αˆ, (5.19)
ǫ is the parameter of a supersymmetry transformation and η that of a special
supersymmetry transformation. Finally the solution of (5.17) is given by
ζ ij =
1
4
ǫ[ij], (5.20)
where ǫ[ij] are constants which represent infinitesimal SO(5) rotations. The com-
plete θ expansion of the superfield ξµ follows from the solutions (5.18, 5.19, 5.20)
and from the equations (5.11, 5.12, 5.13) after some tedious algebra as
ξµ = ζµ − 2θ¯Γµζ + θ¯
(
Γµijζij +
1
4
Γµµ1µ2∂µ1ζµ2
)
θ
+
1
2
θ¯Γµµ1µ2θ θ¯Γµ1∂µ2ζ −
1
64
θ¯Γµµ1µ2θ θ¯Γµ1µ2µ3θ ∂ρ∂
ρζµ3 . (5.21)
In order to have the complete expression of the superconformal Killing vector field
ξ we have to calculate ξαˆ from equation (5.8), the result, after some arrangements
is
ξαˆ =
[
ζ − Γijθ ζ
ij +
1
12
θ ∂µζ
µ −
1
4
Γµνθ ∂µζν
−
1
6
θ θ¯Γµ∂µζ −
1
2
Γµνθ θ¯Γµ∂νζ −
1
24
Γµ1µ2∂µ3ζ θ¯Γ
µ1µ2µ3θ
+
1
32
Γµ1µ2θ θ¯Γµ1µ2µ3θ ∂σ∂
σζµ3
]αˆ
. (5.22)
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It is also possible to determine the scale α,
α =
1
3
[
∂µζ
µ − 2θ¯Γµ∂µζ
]
. (5.23)
The Lie algebra of superconformal transformations can be deduced from the
calculation of the Lie bracket of two super-Killing vectors ξ1 and ξ2 which we
denote by ξ3. Let the parameters determining the ξa (a = 1, 2, 3) be given by
aµa , a
µ
aν , λa, k
µ
a , ǫa, ηa and ǫ
ij
a then the parameters of ξ3 are given by
aµ3 = a
ν
1a
µ
2 ν − a
ν
2a
µ
1 ν + λ2a
µ
1 − λ1a
µ
2 − 2ǫ¯1Γ
µǫ2,
aµν3 = 2 (a
ν
1k
µ
2 − a
µ
1k
ν
2 − a
ν
2k
µ
1 + a
µ
2k
ν
1 + ǫ¯2Γ
µνη1 − ǫ¯1Γ
µνη2)
+aρν1 a
µ
2ρ − a
ρν
2 a
µ
1 ρ,
λ3 = −2 (a
ν
1k2ν − a
ν
2k1ν + ǫ¯1η2 − ǫ¯2η1),
kµ3 = a
µν
2 k1ν − a
µν
1 k2ν + λ1k
µ
2 − λ2k
µ
1 − 2η¯1Γ
µη2,
ǫ3 = a1µΓ
µη2 − a2µΓ
µη1 +
1
4
(ǫij1 Γijǫ2 − ǫ
ij
2 Γijǫ1)−
1
2
(λ1ǫ2 − λ2ǫ1)
−
1
4
(a1µνΓ
µνǫ2 − a2µνΓ
µνǫ1),
η3 = k1µΓ
µǫ2 − k2µΓ
µǫ1 +
1
4
(ǫij1 Γijη2 − ǫ
ij
2 Γijη1) +
1
2
(λ1η2 − λ2η1)
−
1
4
(a1µνΓ
µνη2 − a2µνΓ
µνη1),
ǫij3 = ǫ
ik
2 ǫ
j
1k − ǫ
ik
1 ǫ
j
2k − 4(ǫ¯1Γ
ijη2 − ǫ¯2Γ
ijη1). (5.24)
These relations encode the Lie algebra of superconformal transformations. It can
be readily verified that this Lie algebra is that of OSp(6, 2|2) given in reference
[18].
6 Superconformal invariance
The vector fields ξ, in general, do not commute with Dαˆ; using the relation (5.6)
on the Killing vector, the precise commutation relations is given by
[Dαˆ, ξ] = (Dαˆξ
βˆ)Dβˆ. (6.1)
This equation shows that under a superconformal transformation the vector fields
Dαˆ are not invariant. However they transform in such a way as not to mix with the
∂µ. This could have been also a starting point for the definition of superconformal
transformations. For future use it is important to explicit the right hand side of
(6.1) as
Dαˆξβˆ = −
1
4
(Γµν)βˆαˆ∂µξν +
1
12
Cβˆαˆ∂σξ
σ +
1
12
(Γij)βˆαˆDσ[ij]ξ
σ, (6.2)
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where Dσ[ij]ξ
σ is given, from (5.21), by
Dσ[ij]ξ
σ = −12ζij + 2θ¯ΓijΓ
σ∂σζ −
3
4
θ¯ΓνΓijθ ∂σ∂
σζν . (6.3)
From equation (6.1) we can easily deduce that the constraint (2.5) is not invariant
under the transformations δΦi = ξ(Φi). This motivates the introduction of a
connection Λij(ξ) so that the transformation of Φ
i becomes
δξΦ
i = ξ(Φi) + Λij(ξ)Φ
j. (6.4)
We shall explicitly construct Λ(ξ) later. Here, we examine some of its mathemat-
ical properties. In fact Λ is not strictly a connection because in general we do not
have Λ(fξ) = fΛ(ξ), it is only a cochain on the Lie algebra of superconformal
transformations realised with the superconformal Killing vectors. It is valued in
the tensor product of the algebra of superfields and the algebra of 5×5 matrices.
This cochain is however not arbitrary. The requirement [δξ, δξ′] = δ[ξ,ξ′] gives the
following consistency condition on Λ(ξ)
ξ(Λ(ξ′))− ξ′(Λ(ξ))− Λ([ξ, ξ′]) + [Λ(ξ),Λ(ξ′)] = 0, (6.5)
where we have used a matrix notation for Λ. In order to make the algebraic mean-
ing of (6.5) clearer, recall that given a n-cochain on a Lie algebra, g , α(g1, . . . , gn)
which is valued in a g-module M then the Chevalley exterior derivative sα is a
n+1-cochain given by
sα(g1, . . . , gn+1) =
∑
1≤i≤n+1
(−1)i−1giα(g1 . . . gˆi . . . gn+1)
+
∑
1≤i<j≤n+1
(−1)i+jα([gi, gj]g1 . . . gˆi . . . gˆj . . . gn+1). (6.6)
where the notation gˆi means that the element gi has been omited. The Chevalley
exterior derivative verifies s2 = 0 and the graded Leibniz rule. This allows to
write condition (6.5) as
sΛ + Λ2 = 0, (6.7)
where the exterior product of two cochains is defined in a way similar to the
exterior product of two forms. The algebraic interpretation of condition (6.5) is
thus that Λ has vanishing curvature. A particular solution to (6.7) is given by a
“pure gauge”
Λ = β−1sβ, (6.8)
where β is a 0-cochain. Equation (6.8) reads explicitly
Λ(ξ) = β−1ξ(β). (6.9)
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Note that if Λ is a pure gauge then if we define Φ′ by βΦ we get δΦ′ = ξ(Φ′),
so that a rescaling of the superfield allows the elimination of Λ. We shall show
below that the correct Λ is not a pure gauge but has vanishing curvature.
In order to explicitly determine Λ(ξ), we demand that if Φ verifies the con-
straint (2.5) then so does δΦ = ξ(Φ) + Λ(ξ)Φ. This is true provided
DαˆΛ
i
j −
1
4
(Γik)αˆ
βˆDβˆΛ
k
j = 0, (6.10)
(γij)a
bDαbξ
βc −Dαaξ
βb(γij)b
c −
(
(γik)a
cΛkj − Λ
i
k(γ
k
j)a
c
)
δα
β = 0. (6.11)
By replacing Dαˆξβˆ in equation (6.11) by its expression (6.2) we determine Λij up
to an arbitrary function χ as
Λij = −
1
3
Dν[ij]ξ
ν + ηijχ. (6.12)
This expression shows that Λ is actually valued in the Lie algebra of u(1)⊕ so(5)
rather than gl5. The function χ is calculated with the aid of equation (6.10)
after using the explicit expression of Dν[ij]ξ
ν given in (6.3) as well as its spinorial
derivative which is given by
DαˆDσ[ij]ξ
σ = 2(ΓνΓij)αˆδˆ∂νξ
δˆ. (6.13)
The resulting expression for χ turns out to be very simple
χ =
1
3
∂µξ
µ + λ′ = α + λ′, (6.14)
where λ′ is an arbitrary constant which has to be set to zero in order to have
Λ(0) = 0. Finally, we are in position to deduce the complete expression for the
1-cochain Λij as
Λij(ξ) = 4ζij −
2
3
θ¯ΓiΓjΓ
σ∂σζ +
1
4
θ¯ΓνΓijθ∂σ∂
σζν +
1
3
ηij∂µζ
µ. (6.15)
The above expression for Λ shows clearly that it is a non-trivial zero-curvature
1-cochain because it cannot be written as a “pure gauge”-cochain of the form
(6.9). It remains to check that Λ indeed verifies the consistency condition (6.7).
Note first that the u(1) part of (6.7) reads
sχ = 0, (6.16)
which is true because χ is given by equation (6.14) and α is closed : α([ξ, ξ′]) =
ξ(α(ξ′))− ξ′(α(ξ)). The antisymmetric part of Λ has also a vanishing curvature.
This can be verified by a direct calculation using (5.24) but a more simple way
is to examine the transformation property of the super three-form.
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We shall show that the simple geometrical transformation
δH = LξH (6.17)
leaves the constraints (3.1) and (3.2) invariant. Note first that the transformation
of the moving basis Eµ does not involve the spinorial basis Eαˆ, so the constraint
(3.1) is left invariant by (6.17). The transformation of the µαˆβˆ components of H
under (6.17) reads
δHµαˆβˆ = ξ(Hµαˆβˆ) +Hναˆβˆ∂µξ
ν +HµαˆδˆDβˆξ
δˆ +HµβˆδˆDαˆξ
δˆ. (6.18)
The use of relation (6.2) allows to write
δHµαˆβˆ = (ΓµΓi)αˆβˆδΦ
i, (6.19)
with δΦi given by
δΦi = ξ(Φi) +
1
3
(
∂µξ
µΦi −Dσ
i
jξ
σΦj
)
. (6.20)
Relation (6.19) shows that the constraint (3.2) is left invariant by the transfor-
mation (6.17). In addition we can identify the transformation of Φi which agrees,
as it should, with the previously calculated one. This geometrical construction
of Λ assures the vanishing curvature property du to the Lie structure of the
transformations of the three-form H .
7 Conclusion
We have given two equivalent formulations of the tensorial multiplet of 6D (2,0)
theories. We have illustrated the rigidity of (2,0) supersymmetries by showing
the triviality of the sigma-model. We note here that this triviality can be un-
derstood from the super three-form point of view; indeed, the generalization of
the constraints (3.2) to a curved target space manifold, Hµαˆβˆ = (ΓµI)αˆβˆ e
I
ie
i
JΦ
J
does not lead to an interacting sigma-model.
Note that the five scalars φi describe the transverse fluctuations of the five-
brane. The constraint (2.5) coincides with the equation obtained in [3] using the
superembedding formalism applied for a five-brane in a super-flat background,
in the physical gauge and in the linearised approximation. This suggests the
existence of a formulation of the full non-linear equations of motion of the five-
brane which is analogous to the one presented in section 3 and which is based
on constraints on a three-form in a non super-flat background. We hope to come
back to this issue in more details elsewhere.
We have also realised the superconformal transformations as derivations in su-
perspace. This gives a geometric construction of the superconformal Lie algebra
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compared to the algebraic one presented in [18]. Moreover, this allows to realise,
in a manifestly supersymmetric way, the transformation of the supermultiplet.
This gives an alternative proof to the one relying on the component formalism
presented in [18] that the linearised equations of motion of the five-brane are
superconformally invariant.
We have found that the transformation of the three-form involves only coor-
dinate reparametrisations whereas, for the scalar superfield, the introduction of
a cochain is in addition needed. This suggests that the formulation in terms of
super three-forms may be helpful in the construction of superconformal interact-
ing theories and shed some light on the conjecture [8] relating them to M-theory.
In this respect, recently it has been shown [19] that the bosonic action for M-
theory five-branes in their near horizon background have a non-linearly realised
conformal invariance. Our results may be useful in extending this invariance to
a superconformal one.
A Conventions
In this Appendix we collect our conventions and notations. The 6D (2,0) super-
symmetry algebra is conveniently described as a chiral truncation of the reduction
of the 11D algebra. The 11D superalgebra reads
{Qαˆ, Qβˆ} = 2(Γ
µˆC)αˆβˆPµˆ, (A.1)
where αˆ = 1, . . . , 32, µˆ = 0, . . . 10 and Cαˆβˆ is an antisymmetric matrix verifying
C−1ΓµˆC = −ΓµˆT . (A.2)
The reality condition on 11D fermions reads
Ψ = CΨ¯T , (A.3)
or equivalently
Ψ¯αˆ = C αˆβˆΨβˆ ≡ Ψ
αˆ, (A.4)
where C αˆβˆ is the inverse of Cαˆβˆ. We shall use C to raise and lower indices and
the notation (Γµ)αˆβˆ for (Γ
µC)αˆβˆ. Under reduction to six dimensions the spinorial
index αˆ decomposes as αa where α is an SO(5, 1) spinorial index and a an SO(5)
spinorial index. A representation of the Gamma matrices is conveniently given
by
Γµ = γµ ⊗ 1, Γ5+i = γ˜ ⊗ γi, (A.5)
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where µ and i are respectively six and five dimensional vector indices, and γ˜ is
the chirality matrix in six dimensions:
γ˜ = γ0 . . . γ5. (A.6)
We shall also denote Γ5+i by Γi. In this representation the charge conjugaison
matrix C may be written as
C = C ⊗ Ω, (A.7)
where C is symmetric and verifies
C−1γµC = −γµ T , (A.8)
whereas Ω is antisymmetric and verifies
Ω−1γiΩ = γi T . (A.9)
Spinorial indices of SO(5, 1) and SO(5) can be raised and lowered with repctively
C and Ω. The reduction of the algebra (A.1) to six dimensions leads to the (2,2)
algebra
{Q+, Q+} = 2Π+γµPµΠ
+, (A.10)
{Q−, Q+} = 2Π−γiciΠ
+, (A.11)
{Q−, Q−} = 2Π−γµPµΠ
−, (A.12)
where the five-dimensional momentum appears as a central charge, and Π± are
the projectors on fermions of a given six-dimensional chirality. The (2,2) algebra
is invariant under the transformation Q− → −Q−, c → −c. Modding out with
respect to this symmetry leads to the desired (2,0) algebra. This is obtained by
setting Q− = ci = 0 in the above formulae. As is evident from its construction
this algebra has a Spin(5) = Sp(2) R-symmetry. The 11D Majorana fermion
becomes a Spin(5) Majorana-Weyl six dimensional fermion :
Ψ = CΨ¯T , (A.13)
which reads in components
Ψa = ΩabCΨ¯
b T . (A.14)
The antisymmetrised product of n gamma matrices is denoted by Γµˆ1...µˆn . We
have
(Γµˆ1...µˆnC)T = −(−1)n(n+1)/2Γµˆ1...µˆnC, (A.15)
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from which we get
(γµ1...µnC)T = (−1)n(n+1)/2γµ1...µnC, (A.16)
(γi1...inΩ)T = −(−1)n(n−1)/2γi1...inΩ. (A.17)
A useful relation is the Fierz rearangement formula which reads for four Weyl-
Majorana fermions [20]
(
ǫ¯1Π
+ǫ2
) (
ǫ¯3Π
+ǫ4
)
=
−
∑
n1=0,2
n2=0,1,2
2
cn1 c˜n2
(
ǫ¯1Γ
µ1...µn1Γi1...in2Π+ǫ4
) (
ǫ¯3Γµ1...µn1Γi1...in2Π
+ǫ2
)
,
(
ǫ¯1Π
+ǫ2
) (
ǫ¯3Π
−ǫ4
)
=∑
n2=0,1,2
(−1)n2
8c˜n2
(
−2
(
ǫ¯1Γ
µ1Γi1...in2Π−ǫ4
) (
ǫ¯3Γµ1Γi1...in2Π
+ǫ2
)
+
(
ǫ¯1Γ
µ1µ2µ3Γi1...in2Π−ǫ4
) (
ǫ¯3Γµ1µ2µ3Γi1...in2Π
+ǫ2
))
(A.18)
with coefficients cn and c˜n given by
cn = 8 (−1)
n(n−1)/2 and c˜n = 4 (−1)
n(n−1)/2. (A.19)
Using the Fierz rearangement for commuting spinors E and F , we get the useful
relations
(E¯ΓµiE)(E¯Γ
µE) = 0, (A.20)
and
(F¯ΓµνE)(E¯Γ
νE) + (F¯ΓiE)(E¯ΓµiE) = 0. (A.21)
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